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THE THEORY OF AXISYMMETRIC TURBULENCE

By S. CHANDRASEKHAR, F.R.S., Yerkes Observatory

(Iéeceived 1 January 1950)

The present paper completes the theory of axisymmetric tensors and forms to the extent that is
needed for the development of a theory of turbulence in which symmetry about a certain preferred
direction is assumed to exist. Particular attention is given to the manner in which tensors, solenoidal
in one or more indices, can be derived, uniquely, in a gauge-invariant way, as the curl of a suitably
defined skew tensor.

The explicit representation of the fundamental velocity correlation tensor (u;4}) in terms of two
defining scalars is found; and the differential equations governing these scalars is also derived. In
the theory of axisymmetric turbulence these latter equations replace the equation of von Karman
& Howarth in the theory of isotropic turbulence.

1. INTRODUCGTION

The statistical theory of isotropic turbulence initiated by Taylor (1935, 1938) has dominated
all recent developments in the subject. The central idea in these developments is that of
isotropy, which requires the time average of any function of the velocity components, defined
with respect to a particular set of axes, to be invariant under arbitrary rotations and re-
flexions of the axes of reference. A phenomenological theory of turbulence incorporating
this idea of isotropy divides itself into two parts: a kinematical part which consists in setting up
correlations between velocity components (and/or their derivatives) at two different points
of the medium and in reducing the form of the associated tensor to meet the requirements
of isotropy; and a dynamical part which consists in deriving the consequences of the equations
of motion and continuity for the fundamental scalar functions defining the correlation
tensors. The principal equations of this theory were derived by von Kdarman & Howarth
(1938) ; but the most concise and elegant treatment of the subject is due to Robertson (1940),
who developed for this purpose a theory of isotropic tensors.

While the theory of isotropic turbulence introduces the subject in its simplest context, it
is, nevertheless, almost invariably true that whenever turbulence is present, there is also
present a preferred direction defined by the direction of the mean flow. Indeed, since
fluctuations in the velocity field are generally defined with respect to the local mean values,
it would seem that a more natural starting point for the theory will be provided by the con-
cept of axisymmetry which will require the mean value of any function of the velocities and
their derivatives to be invariant, nof for the full rotation group, but only for rotations about
the preferred direction, A (say), and for reflexions in planes containing A and perpendicular
toA. The development of such a theory of axisymmetric turbulence may be useful in establishing
the circumstances under which isotropy may be expected to prevail ; and it may also be useful
in explaining the emergence of anisotropy during the last stages in the decay of, what was
apparently once, isotropic turbulence (Batchelor, private communication).
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558 S. CHANDRASEKHAR ON THE

A beginning in the theory of axisymmetric turbulence was made by Batchelor (1946).
However, Batchelor did not develop the theory of axisymmetric tensors and forms far enough to
derive the basic equations of the problem.

In this paper the theory of axisymmetric tensors will be developed to the same degree of
completeness that Robertson developed the theory of isotropic tensors. It turns out that the
essential part of the theory is that which pertains to solenoidal tensors and their representa-
tion as the curl of certain basic skew tensors—an aspect of the theory which Batchelor did
not consider. With the theory of axisymmetric tensors and forms completed, the reduction
of the equations of motion is straightforward. In this manner a pair of equations will be
derived which, under the conditions of axisymmetric turbulence, replace the well-known
equation of von Kdrméan & Howarth in the theory of isotropic turbulence.

2. AXISYMMETRIC TENSORS AND FORMS

Let Fy;, . denote a Cartesian tensor; further, let a, b, ¢, etc., denote arbitrary unit vectors.

Consider the scalar product
F(a,b,c,...) = Fy. ab;c..., (1)

where here, and in the sequel, summation over the repeated indices is to be understood.
Following Batchelor (1946) we shall say that the tensor F;,  is axially symmetric about a
direction specified by a unit vector A if F(a, b, c, ...) is invariant for arbitrary rotations about
the direction A and for reflexions in planes containing A and normal to A. When this is the
case we shall say that F(a, b, c, ...) is an axisymmetric form and Fy;, . is an axisymmetric tensor.

Before we go any further, it is of interest to see the relation between axisymmetric tensors
and forms and isotropic tensors and forms. In the theory of isotropic tensors, the form F
defined as in equation (1) is invariant for rotations and reflexions of the configuration formed
by the vectors a, b, ¢, etc., and &, where §; = x; —x; and x; and x; are the co-ordinates of two
points at which the correlations of the field variables (velocity, derivatives of velocity,
pressure, etc.) are considered. On the other hand, in the theory of axisymmetric tensors,
the form F must be invariant for all rotations and reflexions of the vector configuration
formed by &, a, b, ¢, etc., and A. To emphasize this dependence of F, in the axisymmetric
case, on both § and A, we shall write #(§,A; a, b, c,...) instead of simply F(a,b,c,...).

The general problem in the theory of axisymmetric tensors is, therefore, to determine
the form F(§,A;a,b,c,...) which will be invariant under the full rotation group of the
vector configuration formed by g, A, a, b, ¢, etc. This problem is readily solved, since it
follows from the theory of invariants (to which Robertson first directed attention) that
F(g,x;a,b,c,...) must be expressible in terms of the fundamental invariants satisfying the
same conditions, namely, the scalar products of any two of the vectors g, A, a, b, ¢, etc.
(including the scalar squares). Consequently, choosing the combinations of scalar products
which will be in conformity with (1), we can write down the most general expression for
FE,A;a,b,c,...).

In addition to axisymmetric tensors and forms, we shall also have to deal with axisymmetric
skew tensors and forms. The skew tensors—or ‘tensor densities’ as they are sometimes called
—transform as ordinary tensors under proper rotations, but they take the opposite sign to
true tensors on reflexion in the origin. It is again not difficult to write down the general
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THEORY OF AXISYMMETRIC TURBULENCE 559

expressions for such skew tensors, since the corresponding skew forms must be expressible
as sums of products of an odd number of determinants such as [Eab], [Aab], [Era], [abc],
etc., formed by any three of the vectors§, A, a, b, ¢, etc.; and, again, choosing combinations
of the scalar products and an odd number of the available determinants which will be in
conformity with (1), we can write down the corresponding skew forms and tensors.

3. LINEAR FORMS; AXISYMMETRIC SKEW AXISYMMETRIC AND SOLENOIDAL VEGTORS
Let L(,x;a) = Lg, (2)

be the linear form. The scalar products available for its construction are (§.8), (A.1), (a.a),
(8.1), (x.a) and (a.§). Hence (cf. Batchelor 1946, equations (2-3) and (2-4))

LE,A;a) =M(E.a)+N(r.a), (3)
where M and N are arbitrary functions of
2= (8.8) and (E.A) =1 (say). (4)
An axisymmetric vector is, therefore, of the form
L, = Mg+ N2, ()

We shall often have occasion to differentiate expressions such as (5) with respect to &
For this purpose it is convenient to introduce the differential operators

_19 9 _1d
Dr—;g;—ﬁﬂ and Dﬂ—-raﬂ, (6)
i}

sz.DrDﬂ=D/LDr=~~— _____ EPR (8)

A further property of the operator D, is that it permutes with any function of 7x; for
D, f(r) =o. (9)

Now by differentiating (5) with respect to §;, we obtain the second-order axisymmetric
tensor iL,

3, = D.MEE; + Mo, +D, NA;+ D, ME A+ D, NAE;. (10)
The divergence of the vector L, is therefore given by
JL,
@Z: (r*D,+ruD,+3) M+ (ruD,+D,) N. (11)
The diﬁ'ercntial operators 72D, +ruD = rg; +n, (12)
0 1—p*d
and rﬂD’+D”‘ﬂﬁ+_r—3ﬁ’ (13)

72-2
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560 S. CHANDRASEKHAR ON THE

which occur in the expression for the divergence of L, are of frequent occurrence in the
theory. They satisfy the identity

(2D, 1uD,+n+1) (uD,+D,) = (uD,+D,) (12D, +ruDp-+ ). (14)
Also, if any function f{(r, 4) satisfies the equation
af

(rD, 41D, +n) f = T +nf=0 (n>0), (15)

then Jr™ 1is a function of x only. (16)

Consequently, if fis assumed to be continuous and bounded in 7, then

S, ) =0. (17)

Similarly, if a function g(r, #) satisfies the equation

D+ D) g = p3s+ 10—, (18)
then g(rp)=g(rJ(1—p). (19)
Returning to equation (11), we observe that the condition that L, is solenoidal is
(r*D,+ruD,+3) M+ (ruD,+D,) N = 0. (20)
From the identity (14) it now follows that
M = —(ruD,+D,) L,
and N =+ (D, +mD, +2) L, (21)

where L is an arbitrary function of 7 and 7y, satisfy the condition (20). This representation of a
solenoidal axisymmetric vector in terms of a single defining scalar L is unique, since from L, = 0
(i.e. M = N = 0) it follows that L=0 (cf. equations (15) to (19)).

Turning next to the consideration of skew axisymmetric vectors, we observe that the most
general skew axisymmetric form is given by ‘

since [aAg] is the only determinant available for its construction. In (22), L is an arbitrary
function of r and 7x and ¢, is the usual alternating tensor which is different from zero only
when all three of itsindices are different from one another and is equal to +1 or — 1, according
as (ijk) is an even or an odd permutation of (123).
According to (22), a skew axisymmetric vector is defined in terms of a single scalar and
is of the form
l; = Ley A, - (23)
The derivative of this vector with respect to §; leads to an axisymmetric skew tensor of the
second order:
o _

ag - Q‘ngeilm/llgm+DyL/‘*J 6z'lm/1lgm——L€ijm/{m‘ (24)
. J
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THEORY OF AXISYMMETRIC TURBULENCE 561

The curl of a skew axisymmetric vector is an axisymmetric vector, and since it will be
automatically solenoidal we have here a simple method of deriving the representation of
a solenoidal axisymmetric vector. Thus, taking the curl of [, we have

i d

Lz zjkag - zjkekmnag LA g
( im ]n zn jm) [DrL/lmgngj+DpL/1mgnAj +L’1m8nj] ' (25)
Hence ; L; = — (ruD,+D,) LE+ (r*D,+muD, +2) LA;. (26)

We have thus recovered the representation (21) of a solenoidal axisymmetric vector.

We shall now consider the effect of the Laplacian operator, V2, on an axisymmetric
vector. Since V2 is a scalar operator, it is evident that V2L; will be axisymmetric if L, is
axisymmetric. And if L; is solenoidal, V2L, will also be solenoidal, and in this case it is of
interest to inquire into its defining scalar. Since

al, d
V2L, = Vzeij"ﬁgf = V2 6”’”85 “"65
it follows that the defining scalar of V2L, is the same as the scalar defining the skew vector
obtained by the operation of the Laplacian on /; itself. We have (cf. equation (24))

Leyn i€ = Veileynibm (27)

V2, = Z?% (D LE; €3, 8+ D, LA 63, 4,8, — Leyi 0 A,) - (28)
On evaluating the quantity on the right-hand side, we find that we are left with
V&, = (r2D,,+2ruD,,+D,,+5D,) Le A&, (29)*
The defining scalar of V?2/, is, therefore,

(r*D,,+2muD,,+D,,+5D,) L, (30)

and according to our earlier remarks, this is also the defining scalar of V2L,
Introducing the operator

A =1D, +2muD, +DM,+5D
40 12 4wl
A A e 1 ow’ (31)

we observe that the operation of V2 on L, is equivalent to the operation of A on its defining
scalar. Itis of interest to notice that this operator A is the same as the one which defines the
ultraspherical harmonics in five dimensions (cf. A. Sommerfeld 1949).

4. BILINEAR FORMS; TENSORS OF THE SECOND ORDER

Let Q(E,2; a,b) = Q;4,h; (32)

denote the required axisymmetric bilinear form. The consideration of the available scalar
products shows that (cf. Batchelor 1946) '

@(:2;a,b) = 4(8.a) (£.b) +B(a.b)+C(r.a) (A.b) +D(x.a) (§.b) +E(E.a) (A.b), (33)
* D,=D,D, and D,,=D,D,.
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562 S. CHANDRASEKHAR ON THE

where 4, B, C, D and E are arbitrary functions of 7 and 7u. The second-order axisymmetric
tensor is therefore given by

Qi = AEE;+Bd,+CA;+ DAE+ EEN,, (34)

and requires five scalar functions for its definition.
If the tensor @; is solenoidal with respect to its second index j, then (cf. Batchelor 1946)

%9 _ ¢12D, +1uD,+4) A+D,B+ (ruD,+D,) E]

0E;
’ +A[D, B+ (1D, +D,) C+ (2D, 7uD,+3) D+ E] = 0. (35)
We must accordingly have

(2D, +ruD,+4) A+ D, B+ (uD,+D,) E = 0,
and D, B+ (uD,+D,) C+ (12D, +1uD, +3) D+E = 0. (36)

From this it would follow that an axisymmetric tensor of the second order, solenoidal in
one of its indices, requires three defining scalars. The explicit representation of such a
solenoidal tensor, in terms of three defining scalars, is most easily achieved by expressing
Q,-j as the curl of a suitably defined skew tensor.

Now to construct a skew bilinear form we have the determinants [abg], [abA], [aAg]
and [bAg] available. From this it would appear that a general skew bilinear form must be
a linear combination of

[abg], [aba], [arg](b.2), [aAg](b.E), [bAZ](a.r) and [bAZ](a.E), (37)

with coefficients which are arbitrary functions of r and r4. Correspondingly, it would appear
that the general axisymmetric skew tensor of the second order must be a linear combination
of the six tensors

eijk gk’ ("zjk’1 ] zlm/1 gm’ gj 6‘zlm/l gm’ /Izejlm/1 gm and 'gz jlm/1 gm (38)
However, in virtue of the identities

€itmAEm gz EjimArEm = THEER— 1765 Ay, } (39)
and ) ] zlm/1 g i ]lm/1 g - zjkgk"‘r:ueuk/1
only four of the six tensors (38) are linearly independent. Also, since (cf. equation (24))
al;
Qeijk)‘k =D, ngeizm/lzgm‘l‘Dﬂ Q/Ij eilm/llgm_'a—éa (40)
J

where @ is an arbitrary function of r and 7, it follows that for purposes of defining a solenoidal

axisymmetric tensor according to 2q,
Qi = €jtm aéma (41)
the tensor Qe;;; Ay, is equivalent to the tensor

D, ngeﬂmlllgm+Dﬂ Q’ljeiszlzgm (42)
for the two tensors differ only by a gradient of a vector, and the curl of this difference, taken

in the fashion (41), is zero.* Accordingly, for deriving (in a gauge-invariant way) an axi-
symmetric tensor @,;, solenoidal in j, the most general skew form we need consider is

q(§,2; a,b) = Q,[abE] + Q,[arg] (b.2) 4 @s[arg] (b .E), - (48)

* Essentially, what we are trying to do here is to define the ‘potentials’ in a gauge-invariant way.
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THEORY OF AXISYMMETRIC TURBULENCE 563

where @,, @, and @, are arbitrary functions of r and 7x. The corresponding skew tensor is

q; = Qleijk§k+ Qz/leam)zgm’i“ Qs jeilm/llgm‘ (44)

The curl of this tensor may be readily found; but it is worth noticing that in the reductions
use must be made of the identity

eilm/llgmejknllkgn = “‘Tz/li’lj—‘gigj‘“/‘(/ligj+§z”1j) +r2(1—p?) az'j' (45)

In this manner, we find the following explicit representation of an axisymmetric tensor
Q> solenoidal in j:

Q= [gigj ‘Dr__aij(rzDr—{_rIu‘D,u»FZ) +Aing//,] Q, \
+[:8; D — 0, {r* (1 —p%) D+ 134+ 4,4, (D, + 1) — (€ +-&A;) D] Q,
L [—EE D, 1 8,02(1— ) Dy — 1)~ Ady 2D, + (L +EA) 7uD, +EA] Qe (46)

It can be readily shown that the foregoing representation of Q,; is unique; for, from Q; = 0
we can deduce that @, = @, = Q5 = 0* by setting the coefficients of {;;, d;;, etc., in (46)
equal to zero.

Axisymmetric tensors, symmetrical in their indices and solenoidal, play an important
part in the theory of turbulence. From equation (46) it now follows that the symmetry of
Q;; in its indices requires that 100

| Q= D, @ = 9, (47)
so that in this case we are left with only two defining scalars. In view of the importance of
this result for the theory of turbulence we shall state it in the following form:

A solenoidal axisymmetric tensor

Qy = AL;&;+ B0+ CA A+ D(AE;+E,4;), ‘ (48)
symmetrical in its indices can be derived in a gauge-invariant way from the skew tensor

10
35 = Q16165+ QZ/{jeilm/llgm—*— ;‘%gﬁam@gm , (49)

where @, and @, are two arbitrary functions of 7 and 7x; the coeflicients of the tensor expressed
in terms of the two defining scalars, @, and @,, are (cf. equation (46))

4= (Dr_D,u,u) Q1+DrQ29
B = [~ (r*D,+1pD,+2) +1*(1—*) D,,—rpuD,] @ —[r*(1 —p?) D, +1] Q,,
C= _rsz/LQl+ (rzDr+ 1) Q23

(50)
and D = (uD,+1) D, Q—1uD, Q,. ]

Considering next the effect of the Laplacian operator on @, we first observe that V2(Q),;
will be axisymmetric and solenoidal in j, if @;; is axisymmetric and solenoidal in ;. If @,, @,
and @; are the defining scalars of @,;, we can find the defining scalars of V2Q,; by applying
the Laplacian directly on g¢;; given by equation (44), since the operations of the curl and the

* Provided that none of these functions has singularities at the origin.
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564 S. CHANDRASEKHAR ON THE

Laplacian are interchangeable. Evaluating then the Laplacian of Q6. Q24;6:,48,
and Q;§; 64,48, we find
Vleeijkgk = AQleijkgk+2D,u Qleijk’lka (51)

VzQZ/lj eilm/llgm = AQZAJ' eilm/llgma (52)
and VzQng CamMbm = AQs j €umAim 2D, Qs i eilm/llgm—i—D,u, QS’Ij €amhyEm— Q36zjklk}: 7 (53)
where A denotes the differential operator we have defined in equation (31).

To obtain the defining scalars of V2Q),; in a gauge-invariant way, we must replace
D, Q6,4 in (51) by (cf. equation (42))

Dr,u ngjeilm/llgm+DﬂﬂQl/1j 6‘z’lmlllgm' (54)

Also, we can neglect the terms in curly brackets in (53), since this is a gradient of a vector
(cf. equation (42)) and has a vanishing curl. Combining these results, we have

curl quij = curl {AQleijk£k+ (AQ2+2DW Q) ’Ij €um Ay Em T (AQ3+2Dm Q1) i CumAny- (55)

The defining scalars of V2Q,; are, therefore,

AQD AQ2+2DII,/LQ1 and AQ3+2D7‘/LQ1’ ’ (56)
If Q; is symmetrical in its indices ;= D,Q, (cf. equation (47)) and the scalars
(56) become AQ, AQ,+2D,,Q, and AD,Q,+2D,Q.. (57)

On the other hand,
DAQ, = D,(r*D,,+2ruD, +D,,+5D,) @,
= (r*D,,+2muD,,+D,,+5D,) D,Q,+2D,,Q,

=AD,Q,+2D,,Q, (58)
since D, permutes with all the terms in A except ruD,, and
D,(1uD,,) = mD,,,+D,,. (59)
Hence, instead of (57), we may write
AQ,, AQ,+2D,,Q, and D,(AQ,). (60)
This verifies that V2@Q,; is symmetrical in its indices. The defining scalars of V2@Q),;, in this
case, are therefore AQ, and AQ,12D,,Q,. (61)

So far we have considered the operation of curl as applying only to the second index.
"The operation of taking curl twice on @;; would therefore mean

i) d
curl curl Qij = jlm"é'glemkn 9?1; Qin
aZ

d (aQin) 02Q;; V20

—ag\oe, ) ~ogoe,~ (62)

ijs
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THEORY OF AXISYMMETRIC TURBULENCE 565

if @,; is assumed to be solenoidal in j. However, in the theory of turbulence we shall have
occasion to consider the effect of taking the curl first with respect to one index and then
with respect to the other index, of a tensor @,; symmetrical in its indices. In other words,
we shall have to consider a tensor of the form

)
ikn 55; ejlm 95 Qnm: (63)

where @,; is symmetrical in its indices. Defined in this manner (); is clearly symmetrical
and solenoidal in its indices, and we may ask what its defining scalars are. Since this question
has a meaning whether or not ),; is itself solenoidal, we shall start with the general tensor

Qij = Agz'gj +Bgij+0/1i/1j+D(/ligj +§5’1j)~ (64)
Taking the curl of this with respect to the second index, we find

05 = im0 = (—A+D,B) et (DB~ D) ey
+(D,D—D,C) hiejuhi,+ (D, A—D,D) E;6

17 jlm

(65)

Jlm

Now in accordance with (63) we must take the curl of ¢; with respect to its first index.
On the other hand, since we are interested only in the defining scalars of €);, it should be
possible to find them without having to take the curl of (65) explicitly. Indeed, we can
argue in the following manner:

First, we observe that taking the curl of Qe;;.£, with respect to its first index is equivalent
to taking the curl of — Q¢;;,&; with respect to its second index provided we interchange the
coefficients of 4,§; and §;4; after taking the curl. The same remark applies also to taking the
curl of Qe;;xA. Slmllarly, taking the curl of Qfe;,,A,£, with respect to ¢ is equivalent to
taking the curl of Q¢;¢;,,4,§,, with respect to j, provided we again interchange the coefficients
of ,,§; and §;A;. However, taking the curl of @A;¢ ]lm/l £,, with respect to 7 is exactly the same
as taking the curl of @Q4;¢;,4,§, with respect to j, since in this case the resulting tensor is
symmetrical in its indices (cf. equation (46)). Now returning to equation (65) we can assert,
in view of the foregoing remarks, that

ilm ag jim agl s
where gi; = (A—D,B) ¢+ (D — D, B) 63,4
+(D/LD DrC) vl ilm/llgm_}"(D,uA_DrD) j€z'lm/11£m> (67)

since we know that the final result is a symmetrical tensor.
To obtain the deﬁmng scalars of );; we must replace (D — D, B) ¢, 4, in (67),in accordance
with equation (40), by

D,(D—D,B) &; 44,y +D,(D—D, B) A; 6, (68)
Thus, €); is derived from the skew tensor '
w; = (A—D,B) ¢,6;+ (2D, D —D,C—D, , B) A; €3, £, + D, (A —D, B) £ ¢4, ;& (69)
The defining scalars of ; are, therefore,
Q =4-D,B and Q,= 2D,D—D,C—-D,,B. (70)

(66)

VoL. 242. A. 73
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566 S. CHANDRASEKHAR ON THE

In practical applications, the case of greatest interest is when @),; is already solenoidal in its
indices. In this case the coefficients 4, B, etc., have the values given in equations (50).
Inserting these values in (70) we find

Ql :AQIW[TZ(IWILﬂ) Dr+4] (Dy;&Ql_‘l)rQZ)a :
and Q, =—AQ,+D, [2(*D,+2muD,+2) Q, (71)
= (1=p%) (D, @1 — D, Q) +2Q5].

The last problem we shall consider in the theory of second-order tensors is the question
of the defining scalars of the tensor (cf. equation (10))
L

L;— 79’5 = D, MEE;+ Mb;+D, N\, +D,MME;+ D, NEA;, (72)

2

where L; is solenoidal so that M and N are of the forms given by equations (21).
First it may be readily verified that
L atim

3~ Cimge (78)
where t; = Me &+ Neyp Ay (74)
For evaluating the curl of £; in the usual fashion we find that
G 30" = 166D~ 0,(°D, - 1uD, +2) + 16,1, M
+[—08;(ruD,+D,) +4,4; D, +1,E D] N. (75)
The agreement of this expression with (72) requires only that
M = — (D, +muD,+2) M— (r,uD,+Dﬂ) N; (76)

and this is true, as may be directly seen by substituting for M and N according to equations
(21) and using the identity (14). ~
Finally, replacing Ne;, 4, by
Dr Ngj ez'lm/llgm +D,u N/lj €ilm/1l€m>
we conclude that the defining scalars of L,/9¢; are

M, D,N and DN. (77)

5. TRILINEAR FORMS: TENSORS OF THE THIRD ORDER

From a consideration of the available scalar products, it can be readily shown that the
general third-order axisymmetric tensor must be of the form

Ejk = ng‘gj €k+ G/li/lj’lk
'Jf‘H(l)gigj/lk_}‘H(2)§j€k/1i+H(3)€k§i/1j
L IOEA Ay +IOE XA IO,
+TOE Sy IO + OGS
+ KO8, +KOL S, + KON, (78)
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where F, G, etc., are 14 arbitrary functions of r and 7x. If the tensor is solenoidal in one of
its indices, then there will be five differential equations between the 14 arbitrary functions;
for, the divergence of T};; will be a tensor of the second order with five components (cf.
equation (34)), and the coefficient of each of these must be set equal to zero. Thus, in this
case the tensor T;, will require nine defining scalars.

In the theory of turbulence we shall be mostly concerned with third-order tensors which
are symmetrical in two of its indices (say ¢ and j) and solenoidal in the third (say £). This
reduces the number of scalars to six since the symmetry requires

H®O=H® JO=]0 JO=J& and KO = K®, (79)

and reduces the number of arbitrary functions in (78) to ten, and the condition that the
tensor is solenoidal will lead to four* differential equations between them.

The explicit representation of a third-order axisymmetric tensor solenoidal in one of its
indices in terms of nine or six defining scalars as the case may be is most easily achieved by
deriving it, in a gauge-invariant way, from a suitably defined skew tensor.

Now a consideration of the available determinants shows that there are 29 skew tensors
of the third order. They are

€iiks  Cium L€ Eirs A& €kpy Ap gq) (80)
i€kl & e il A€ kL Ay A €ikt &s
gj e gj Exiss /Ij € ss /1;' e (81)

gkcz'jzgz’ gkez'jl/ll’ Akezjl/ll’ Akez’jlgl:

gz'gj Em s gjgkeilm/llgm) & iejlm’llgmy

gz'/lj Eim A Ems gj L CimhEms  ExA; €itm L

L2 €umMEms i ACumAiEms Ak A€ Aoy

/Iigj Eam N ms /Ij Ex€uimNibms A giejlm A s

- i €mMibms  OjnCumAibn  and Oy, A8, (83)

However, not all of these 29 tensors are linearly independent; only 14 of them are.t The
reduction of the 29 tensors to a minimal set of 14 can be accomplished in the following

manner:
First, multiplying the identities (39) by §, and A,, we obtain the relations

gj ExumMibm— &6k ejlm/llgm = 1pky Eijlgz" %, Ezjl/“la
’gj Akez'lm/llgm——gz’/lkejlm/llgm = r/‘/lkezjlgl_“ﬂllkeijl 1
/lj gkeilm/llgm_/lz’gkejlm/llgm = gkeijlgl'—rﬂgkeijl/lb
/Liﬂkeilmﬂlgm——/lixlkejlmzllgm: /lkel-ﬂgl——r/ulkeiﬂ/ll.
These four relations, together with the four additional ones obtained by a cyclical per-
mutation of the indices (4£), enable us to eliminate eight of the twelve tensors (82). From

(82)

(84)

* Not five, since the divergence with respect to £ of a tensor T, symmetrical in ¢ and j, is a second-order
tensor symmetrical in its indices.

T That there are 14 independent skew tensors of the third order can be deduced by starting with the most
general fourth-order axisymmetric tensor and then contracting it with the alternating tensor (cf. Robertson

1940).
73-2


http://rsta.royalsocietypublishing.org/

L

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

%

A B

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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this group of twelve tensors we need to retain only four; and we shall select the four which
occur with the factor ¢,4,§,,.

Next, the identitics 3 i€kt &+ gj e & Ex €int § = 1* €ijko
i€in s & era i+ E e Ay = Taep,

4 ikl &+ Aj e &+ A €ijt &= ThE; ks

A€y + A € A+ A6y = €

ik

(85)

enable us to eliminate one of the tensors in each of the four groups of three included in (81).

Similarly, the identity
i€ik A=A ik &= 8:';' €ximAiEm— Ok €jim s (86)

and the two additional ones obtained by cyclically permuting the indices, enable us to
eliminate two of the three tensors (83). Finally, the identity (45) enables us to eliminate the
second of the two tensors (80). Thus, from the 29 tensors (80) to (83) we obtain the following
14 which are linearly independent:

& gj Cumhibm & ikl & ’Iiejkl/lza
EsrmMEms Gt Al
/Iz'gj €xim A1 Ems iejkl/lb Aiejkl &t (87)
4 /Ij Crimilms & g Cri sy ’Ij e

3ij €umAiEn  and Cijke

For the purposes of deriving axisymmetric solenoidal tensors in a gauge-invariant way,
we can reject some more of the tensors (87) by considering whether the curl of one of them,
times an arbitrary function of r and 7x, can be expressed as a linear combination of the
others. As to which of the tensors (87) can be rejected on these grounds can be decided by
evaluating the gradients of the second-order skew tensors (38) times an arbitrary function
of r and ru. Thus considering the first of the tensors (38), we have

G}
a?k Qeijlgl = Qeijk +D, ngeijl€l+D;¢ QA 6z'jz§za (88)
where @ is an arbitrary function of r and r,. Hence

Qe+ D, Q&xe;,6, +D,¢ QA58 (89)
has a vanishing curl with respect to £. A similar consideration of the other second-order

skew tensors shows that the following additional combinations of the third-order tensors
are divergence free:

Q/Ij s+ (D, Q’lj &t Dﬂ Q/Ij %) EimAiEms

Q/liejkl/ll — (D, ng/lj -+ D,L QA Ax) €itm A€ s

Q (g] €yt 3jk €umiEm) + (D, nggj +D,L Q/]‘kgj) €im ums

Q( i€tk A+ 0 Citm &)+ (D, Q&+ D,L Q&) €jim LE,.
Accordingly we may eliminate from (87) the following five tensors:

¢
€ijks bjekz’l/lln Ajekz’l/ll? z‘ejkl/]‘l and /Iiejkl/ll‘ (91)
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After all these eliminations, we are left with nine tensors out of the original 29; and the
most general skew tensor we need consider is

i = (L 68+ oA+ T50;) €y,
+ T3 6518 T5 658+ T6 8 €A
+1; gj €iay+ T;S/lj it T;)/ligj €A Ems (92)

where T}, T,, ..., Ty are nine arbitrary functions of » and 7.
On taking the curl of (92), we obtain the following representation of a third-order axi-

symmetric tensor 7j;, solenoidal in £, in terms of the nine defining scalars 7}, ..., Ty:

ot..
T, = ¢, im
ijk kim agz

= [—&&;&(ruD,+D,) +&£;A(r*D, +1uD, +4) — ;5 4, — E 4] T,
+ (A4 42D, 410D, + 2) = § A, 4;(ruD, + D)1 T,
+ [0, &x (7D, +D,) +0; 44 (r*D, +ruD,+2)] Ty
+ 888 D, +ExEiA; D, — &0, (2D, + 1D, + 8) + 0,1 T,
+ [gz’gj ngr—l_gj gk/lz'D,u_gj Sik(rZDr_}_rﬂD/L—I" 3) ‘l‘gkaij] I
+ 8,8 D, +Ex 443 D, — ;8,1 (r*D, +1uD, +-2)] T
+[&:E:A Dr+gk/li/1jD/t_/ljb\ik(rzDr+rﬂDﬂ+2)] T
+ [—ékgz‘/lj (ruD, +'D,u) _I_gi/lj Ak(rzDr+rﬂDﬂ+ 3) _gk’li/lj] 15

+[—&&Ai(ruD,+D,) +& A,(rD, + 1D, 4+ 3) — £, iy ] T (93)
If T}, is in addition symmetrical in ¢ and j, we must put
T,—T, Ty=T, and T,=T, (94)

n (93). In this manner we find after some rearranging of the terms that
'Ejk = gz'gjgk['— (W‘Dr"'Dﬂ) 1,+2D,1}]
+ A 4y (2D, 41D, +2) Ty EE Ay (12D, + 1D, 4+ 4) T
+&:(&A;+48) [T+ D, Ty+ D, T;— (uD,+D,) T¢]
+ A (&id; +AE) (2D 4-1uD, +3) T
+&AA;[ — (1uD,+D,) T,+2D, T; — 2T¢]
— (£0;5+E;0x) (72Dr+rﬂD,u+ 3) 1,
+& 3;';'[‘“ (WDFI‘D/) 13+2T,]
— (0,5 +4;0y) (r*D,+1uD, +2) T;
+ A 8y (2D, +-1uD, +2) Ty; (95)

this is the explicit representation of 7j;; in terms of six defining scalars.
It is of interest to note that it directly follows from (95) that the scalar defining the

solenoidal vector T} is YT, 4 Ty 4 8Ty — 2T, + 21T, | (96)

a
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The third-order tensor (95) makes its appearance in the theory of turbulence in the form
of the second-order tensor

T Ty (97)

_2

3
This tensor is solenoidal in j, and its three defining scalars can be found most directly by
similarly contracting the skew tensor (i.e. the tensor given by equation (92) with 7;, T
and T put equal to 7}, T; and T§, respectively) from which 7, is derived. Thus

T;j = €jlm% >
where by = 5(2— bigje (98)
On evaluating #; we find *
by = boyrbrt LA 8t E38:€,, G LiEi Ay (99)
where ty = (2D, +ruD,+5) T+ (uD,+D,) T;,

t2 = (rﬂDr—l—‘D,u) 7—12+D/4713_D,u T5+ (T2DT—I—T/[D”+5) T;S’
ty = (uD,+D,) Ty+-D,Ty—D, Ty+ (DD, +5) T,
and t,=T+1T;.

(100)

To bring (99) into a gauge-invariant form, we must first express 4;¢;,,4,€,, and £¢;,,4,§, in
terms of A;¢;,4,£,, and &;¢;,,4,£,, in accordance with the identities (39) and then replace the
term in ¢, 4; by the proper combination of the tensors 4;¢;,4,&,, and &;¢;,,4,€,, (cf. equation

(42)). In this manner we find that the defining scalars of 7}; are

Ty =t =l Ty = t2+Dﬂ(t4+7ﬂt2+’2t3)}

101
and 73 = b3+ D, (8, 1uty+1%,). (101)

This completes our discussion of axisymmetric tensors and forms.

6. THE FUNDAMENTAL CORRELATION TENSOR

The correlation* between the instantaneous velocity components #; and u; at two different
points in a turbulent medium has been the subject of intensive study in recent years. Let

. denote this tensor: —
@y Qy = 1. (102)

In virtue of the equation of continuity, this tensor is solenoidal in both its indices. Also, if
the turbulence is homogeneous (cf. Batchelor 1946),

Qij("g) = jS( ‘l‘E)- (103)
From these remarks it follows that in axisymmetric turbulence Q,; can be derived from a
skew tensor of the form (49) and that the coeflicients 4, B, C'and D of @;; have the forms given
in equations (50). Moreover, the condition (103) now implies that the defining scalars,
Q; and Q,, of @, are both even functions of r and 7.

* We shall follow Batchelor in reserving the word ‘correlation’ for the mean of the products considered;
however, we shall retain for the term ‘correlation coefficient’ the meaning customary in the theory of

probability.
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THEORY OF AXISYMMETRIC TURBULENCE 571
For small values of 7 the form of @,; can be deduced from the expansions
Q1 = oo+ 72 (aop+ Hpalt®) + 14 (ttoy g s®Fayaptt) + .. }
and Q2 = Boo+7*(Bog+Poslt®) +1*(Bos+Boas® +Paapt®) + ...,

valid near r = 0. Using these expansions in the expressions for 4, B, C and D given in
equations (50), we find

A = 2(agy— gy +PBog) + 202 (2064 — 0oy +-2B4) + 42 (0tg — Batyy +Fog) ]+ ..., 1

(104)

B = — (2a49+Poo) + r*[(— 4aga + 2000 — 3f0s) + 42 (2f 02— Faz— 8ta0) ] + .-,
C = Poo+72[(3fo2— 20t95) +Poatt®] + ..., '
D = 2rp[ (29, — o) +1H{2(p4—Bos) + 12 (8ss—Bas) 1 + ...

The corresponding expansion for Q
Qij = 2(agy—a+Foz) gz'gj
+[— (299 +Boo) +r2{(— 4aga + 2069 — 3fy5) +#2(2 00— oo — 80ty) }] 3@'
+ [Boo+72(8Boz— 2000+ Past®) ] i
+ 2rﬂ(/li§j '|‘gi’1j) (200 —Fo2)- (106)
From equation (106) we readily find that the behaviour of the correlations, for small
separations, for the four situations shown in figure 1 are

(105)

;j» as far as the second power of 7, is

(@) u(0,0)u(x,0) =—2a0p—2(cgy+agp) ¥+ ...,
(b) u,(0,0)u(0,y) =—2050—42p29%+ ..., |
(¢)  u.(0,0)u(x,0) = — (299 + o) — (4202 + 6ps+Foz+Baa) 42+ ...,

(d)  u.(0,0)u.(0,5) = — (20 +Fo0) — (220 +Fo2) >+ .- )

where || and 1 refer to directions parallel and perpendicular to the direction of the mean
flow, A, and x and y denote separations parallel and perpendicular to A. The coefficients of
r* and r%* in the expansion of the two defining scalars of @;; can therefore be determined by
measuring the curvatures of the correlation curves at the origin, for the four situations shown
in figure 1.

(107)

——A\
o i
e Pl
— !
(a) (6) (¢) (d)
Ficure 1

From equations (107) it follows, in particular, that
Wl =—20y and = —(2ug+fy)- (108)
Another quantity of interest is the trace, @, of the tensor @;. Quite generally
Q; =14+ 3B+ C+2ruD, (109)
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572 S. CHANDRASEKHAR ON THE
and for 4, B, C and D given by equations (50) this is
Qs =r*(1—#*) (D,,,Q1—D, Q;) —2Q,—2(*D, +2ruD, +3) Q. (110)
From this equation (or, more directly, from equations (105) and (109)) we find that for r— 0
i = —2(3agg+Foo) + 212 (otgg — Botgs — 2002) + #2(foa— Pao— 8aag) |+ ... (111)

7. SCALES OF AXISYMMETRIC TURBULENCE

In his paper on axisymmetric turbulence, Batchelor has defined four scales of axi-
symmetric turbulence by the formulae

L,— @) [ vad, L~ (@) Bay,
. (112)
Ly (@) iDar,  Lo— @[ Ca,

and has shown that L,, Ly, L, and L, as functions of x, satisfy the differential equations

dL dL
Ly—Ly—p dB—z/‘LD+(1—/‘2) —2=0
dL ' dr, “ (113)
B __ 22z —_
and | o UL+ (1—pu?) i +2L, = 0.

However, using the expressions for 4, B, C and D given by equations (50) we find that we
can evaluate the integrals defining L,, L,, L, and L, and express them explicitly in terms

of the two functions o o
() =~ @R Qa

(114)
and () = — () | Qyr
Thus Ly = q,+puqy+ 41+ go+4q5,
Ly = q,+pugqy— (1 —p2) ¢ +p2q,— p(1 — 4?) g5,
" ’ (1].5)
Ly = q1+pq,
and Ly = —(qy+pqy) —#(q5+145) 5

where primes denote differentiation with respect to x#. It can be readily verified that the
foregoing expressions for L, Ly, L, and L, satisfy Batchelor’s differential equations (113).
Indeed, the appearance of two arbitrary functions of # in the solution (115) is in agreement
with the fact that two differential equations govern four functions.

8. THE DYNAMICAL EQUATIONS

From the equations of motion we derive in the usual fashion that the equation governing
the rate of change of Q,; is (cf. von Kdrman & Howarth 1938; and Batchelor 1946)

a0..
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where v is the coefficient of kinematic viscosity and

1(9714 <9p—u)
p\ g 08 )
In (117), the primes and the lack of primes distinguish the values of the quantities taken at
x; and x;, respectively; also p denotes the density and p the pressure.

We shall return to a detailed consideration of §;; in § 10, but it is evident, meantime, that
since both @; and V2Q),; are symmetrical in their indices and solenoidal, the tensor S;; must
also be symmetrical in its indices and solenoidal. Accordingly, S;; must be derivable from
a skew tensor of the form (49). Let S| and ., denote the defining scalars of .S;.

Since the representation of the tensors and vectors we have adopted in terms of certain
defining scalars is gauge-invariant and unique, we can directly pass from the tensor equation
(116) to one between its defining scalars. Thus, remembering that the defining scalars of
V2Q,; are given by (61), we have

Sy = ;" (145 — 4 03,45) +- (117)
Ex

% onQ, +5, (118)
and | % _ 90(AQ,+2D,,Q,) +5), (119)
where it may be recalled that
0% 40 1—pr0® 4ud 10

Equations (118) and (119) are the fundamental equations in the theory of axisymmetric
turbulence and replace the equation of von Kiarman & Howarth in the theory of isotropic
turbulence.

9. THE RATE OF CHANGE OF THE MEAN SQUARES OF THE VELOCITY AND THE
VORTICITY COMPONENTS: THE VISCOUS DISSIPATION OF ENERGY

The equations governing the rate of change of the mean squares of the velocity and the
vorticity components can be derived from equations (118) and (119) in the following manner:

First, we note that with the series expansions (104) for @, and @, we obtain for the defining
scalars of V2@Q),; the expansions

AQ, = (100, +2ay,) +72[(28a4 + 204) + 42 (12044 + 18x94) ] +...s

AQy+2D,, @, = (108 + 205+ 4as)) +7°[(28f04 + 254+ 40t54) (121)
_ + 12 (12844 + 18054+ 240y |+ ...
Also, let ' St = oo +7*(Mog +1224%) + - } (122)
and ' Sy = Coo+7%(Loa+ oot + ...
Substituting these expansions for Q,, Q,, etc., in equations (118) and (119), we obtain the
equations: dagy
ar 2v(10ay+ 20y5) + 7005

d (123)
Poo _ 90108+ 2Bg -+ 4225) + oo

Vor. 242. A. 74
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doys
and ar 20(28ag4 -+ 2a94) + 1025
d )
”Od%”z = 20(12044 -+ 180ty4) + 177995
a8 , (124)
7{2—2 = 20(28f4 204+ 4%54) + oo
dfay

o 20(120 44+ 18f5,+ 24ay) + oo
The rate of change of the mean squares of the velocities parallel and perpendicular to 2

can be obtained by combining equations (123) in accordance with (108). Thus,

du?
7; = — 8V(5xgy +gy) — 2o

_ (125)
and %2_ = — 4 (100, + 40ty + 5F05 4 Faa) — (21100 + oo) -
According to equations (125), the rate of dissipation of the enérgy is given by
‘%‘; = %( 24 2u%) = — 8v( 15005+ 5ty + 5805+ Baz) — 2(3700+ Coo) - (126)
But (cf. equation (111)) [Si)=0 = —2(3700+ &o0) (127)
and this, as we shall see in § 10, vanishes. Hence
du?
V 8v (1505, + 5otyy + 5f0+fas) - (128)

In isotropic turbulence ay, = f, = fl5y = 0 and equation (128) reduces to the one first given
by Taylor (1935, 1938). It canalso be verified that equations (125) and (128) arein agreement
with the ones given by Batchelor (1946) and derived by different methods.

The analogous equations for the rate of change of the mean squares of the vorticity com-
ponents, ,, can be obtained by combining equations (124) appropriately; for it is well
known in this theory (cf. von Kdrman & Howarth 1938; also Batchelor 1946) that the mean
squares of the vorticity components can be deduced from the coefficients in the expansion
of the fundamental correlation tensor at the origin. In the present case, it follows from
equation (106) that

0} = 4(50gy— Batgy - 4f) -+ 4Tty — 3f5) (1—22). (129)
Hence we have :

0} = 4(5agy— Bagy+4fy,) and JE = 4(Bagy+ 4y +Fyy) - (130)

10. THE TENSOR ;; AND ITS DEFINING SCALARS

As we have seen in § 8, the equation of motion for the fundamental correlation tensor
@;; involves the tensor (equation (117))

L(%% b,
(o —%) (131)

0 g
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Writing this in the form
‘ 1dpu; (9 10p'y, :
Sy = ag Uity U~ 0 O {ag et~ p 0, } (132)

we observe that the first two terms involve the correlations
wueu; and pulfp. (133)

The first of these represents the correlation, simultaneously, of two velocity components
at P(x;) and one at P'(x;); it is clearly an axisymmetric tensor of order three, symmetrical
in its first two indices and solenoidal in the third; it can accordingly be expressed in terms of
six scalars, 77, ..., Tg, in the form given by equation (95). The second of the two quantities
(133) represents the correlation of the pressure at P and a velocity component at P’; it is
clearly a solenoidal vector; it can accordingly be expressed in terms of a single scalar, @, in
the form (cf. equation (26))

P = -;- | = — (uD,+D,) v+ (D, + 1D, +2) ;. (134)

The first two terms of §;; are therefore
d 0P

, 9z, T+ 3, =X, (say). (135)
In the notation of §§ 4 and 5 (equations (72) and (97)) this is
Xz‘jZZj“I‘Pij- (136)

Both of these tensors which make up Xj; are solenoidal in 7, and their defining scalars have been
given in equations (77) and (101). The defining scalars of X; are therefore

0y = ty—tby—ruty— (ruD,+D,) @ :

7y = ty+D, (¢4 +ruty+123) + D, (2D, +ruD,+2) @, (187)

0y = ty+D, (¢4 +1uty+12ts) + D, (12D, +ruD,+2) @
An examination of these equations shows that ¢, £, ¢, and @ occur only in the combinations
t,+D,w, t;+D,w and {,-+w; and this, according to equations (100), means that 7; and w
occur only in the combination (734 @). Hence, with the definitions (cf. equations (100))

1 = (°D,A-ruD, +5) Ty-+ (D, +D,) Ty,
= (rﬂDr +D/4) 7-’2 +D/¢(T;3 + ?D) —‘D,uT'S -+ (TZDr_}"r/uD,u—}'— 5) Tg’

138
50 = (4D, D) Tyt DTy )~ D, Ty (2D, 1D, +5) T, )
and so= (Ty+o)+T5,
we can write the defining scalars of X;; in the forms (cf. equations (101))
: Oy = Sy —Sy— T3, 0y = 52+Dﬂ(54+7ﬂ32+72~‘3)} (139)
and 053 = S5+ D, (s, 1sy+7%s5).

- Returning to equation (132), we observe that the terms in the curly brackets require the
definition of the further correlations

T =—wuju, and P, =—p'u,. (140)
74-2
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The tensor T, like 7}, is symmetrical in 7 and j and solenoidal in £. But the two tensors
are not the same as in isotropic turbulence. However, by reflecting the vector configuration
associated with 7j; in the point P (see figure 2), we see that

Tl —2) = Tyl ). (141)
Similarly, P(—X) =P,(+1). (142)
0 5 1dpu; 0 %P,
Hence —Eujukui—i—ggj—@zjki+gg;
= zji+%ji = 7}:( —2) +}?ﬁ(“7‘) = in(——l), (143)
4 -b -a =b -a
P Bl
£ £
BL—>a
(v 4 b — -C
(1) (2) (3)

Ficure 2. The vector configuration associated with 77;,a,b;¢, is represented by (1). The configuration

(2) is obtained from (1) by reflexion in P; and this configuration is equivalent to (3) since, on
‘account of homogeneity, we may choose any point as the origin P. This establishes the equality

[uiuj uply = — [wiuwju]

As we have already remarked in § 8, the equation of motion for Q;; requires that S;; be
symmetrical and solenoidal in its indices. Now these conditions on Sz-j actually require that
X,-j be itself symmetrical in its indices. For, by writing Xij in the form (34) and forming
S,.j as prescribed, we can show that the solenoidal conditions, as expressed by equations (36)
for the coefficients of X;;, together with the similar equations for the coefficients of Sz.j which are

A(?’, +:u) + A<7> '—/'t)a B(?’, +/’t) +B(Ta _:u)a C(?’, —{—ﬂ) + C(?‘, ~—:u) :}
D(r,4-p)—E(r,—p) and  E(r,+p) —D(r,—p),
and the further condition that the last two of the coefficients (145) are equal require that
D =E.
Now the condition that X;; be symmetrical in its indices is (cf. equation (47))

o3 =2D,0,. (146)

(145)

Substituting for ¢; and ¢y according to equations (139) in equation (146), we find that
(12D, +1uD,+4) s3-+ (ruD,+D,) sy = D, s,—D,s,. ' (147)
With equation (147) satisfied, the two defining scalars of X;; are ¢, and 7,; and the defining
scalars of S;;, then, are S, = a(r, 1) 40, (r,— ) }

ij
(148)
and Sz = 0'2(7”, +u) +‘72<7>"—:“)'
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The vanishing of the trace of §;;, which was assumed in §9 (equation (127)), follows from

the fact that in any homogeneous turbulence 7;; must vanish at the origin and that, therefore,
[Silr=0 = 2[P;] =05 (149)

and that this last vanishes, follows directly from the representation of P; in terms of @.
It is worthy of notice here that according to the formulae we have given for the defining
scalars of §;; (cf. equations (122))

(S1)r=0 = g0 = '“Q(D,Lw)mo and  (Sy),-0 = oo = +6(me)r=0' (150)

11. CONCLUDING REMARKS

The developments of the preceding sections bring the formal theory of axisymmetric
turbulence to the same degree of completeness that von Kdrmén, Howarth and Robertson
brought the theory of isotropic turbulence. The principal result of this paper is, of course,
the derivation of equations (118) and (119). It is evident that these equations must play
in the theory of axisymmetric turbulence the same role which the equation of von Karmén
& Howarth has played in the theory of isotropic turbulence. As to how far the present
theory of axisymmetric turbulence will go towards clarifying the manner in which isotropic
turbulence comes to prevail and towards accounting for the reappearance of anisotropy
under certain conditions cannot be foretold without an investigation into the behaviour of
the solutions of equations (118) and (119). It is the intention of the writer to return to
these matters in a later communication.
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